• We developed a discrete pest growth model with evolution of pesticide resistance.
In this section, we introduce a simple discrete pest population model with a Beverton-
50
Holt growth function, in which the evolution of pest resistance is considered. In particular, 
Simple pest growth model with pesticide resistance

54
Throughout this study, the pest population is assumed to follow the classic BevertonHolt model [21, 22, 23, 24, 25, 26] , i.e. we have
where P t denotes the pest population size at generation t, a is the intrinsic growth rate, 55 b = (a − 1)/K, and K is the carrying capacity . The dynamical behaviour of the above 56 model is completely determined by the parameter a, i.e. a ≤ 1 means that the pest 57 population will die out eventually, and a > 1 indicates that all solutions of the model 58 with positive initial conditions will tend to its unique positive equilibrium K globally.
59
As mentioned in the introduction, the main purpose of this study is to address how the 60 evolution of pesticide resistance affects the success or failure of pest control when chemical 61 control is applied. Thus, we assume a > 1 throughout this paper.
62
In the following, we divide the total pest population at generation t into two parts.
63
Susceptible pests, very sensitive to the pesticide, are denoted by P S t , accounting for a 64 proportion ω t of the total pest population, and resistant pests, denoted by P R t , accounting
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A N U S C R I P T for 1 − ω t of the total pest population. This indicates that P S t = ω t P t and P R t = (1 − 66 ω t )P t . Thus, ω t may be thought of as the effectiveness of the pesticide at generation t.
67
With increasing pest generations, the pest's resistance to the pesticide develops, and the 68 effectiveness of the pesticide decreases, indicating that ω t is a decreasing function of t.
69
Therefore, the evolution of pest resistance can be described by the variable ω t . Further,
70
we assume that the death rates due to pesticide applications of the susceptible pests and 71 the resistant pests are
, respectively. Based on these 72 assumptions, we have the following discrete pest growth model with pesticide resistance
Since P t+1 = P S t+1 + P R t+1 , the evolution of the total pest population is given by
It follows from ω t = P S t /P t that the evolution of the pest's resistance can be modelled as 75 follows:
Therefore, model (1) can be written as
It follows from 0 < d 1 < 1 and 0 ≤ d 2 < 1 that 0 < ω t < 1 (t = 1, 2, · · · ) holds true 78 provided that 0 < ω 0 < 1.
79
In reality, farmers usually spray pesticide within a quite short period, and the effect 80 of the pesticide on the pest is instantaneous, so its population density can be reduced 81 instantaneously once the pesticide is applied. To depict this realistic control measure, we 82 employ an impulsive difference equation based on model (4). Thus, we assume that the 83 pesticides are applied periodically at every qth generation, then the number of pests killed 84 at the qkth generation is (
following impulsive difference equation
where P qk + represents the number of pests after a single pesticide application at generation 87 qk, and the initial value P 0 + = P 0 > 0. That is to say the initial density of the pest 88 population in model (5) is chosen as the density of pests after the first pesticide spraying.
89
A C C E P T E D M A N U S C R I P T However, for simplificity, we assume that the resistant pests have near-complete resis-90 tance to the pesticide, which means that d 2 ≈ 0 [27], so system (5) becomes
Model (6) indicates that, obviously, the killing efficacy of the pesticide decreases as the 92 resistance develops. The third equation of model (6) describes how the proportion of susceptible pests in 96 the population develops with increasing pest generations, and thus the evolution of pest 97 resistance with increasing time, so we call it the evolution of pest resistance equation. In 98 reality, the frequency of pesticide applications, the pesticide application period and the 99 dosage of the applications are also factors contributing to the pest resistance. Therefore, in 100 order to understand the system in more detail, all of these factors should also be involved 101 in this equation. Although achieving this was challenging, we employed the following 102 simple method to tackle the task.
103
By using the general Beverton-Holt equation we extend the third equation of model (6) 104 as follows:
here at each qkth (k = 1, 2, · · · ) generation one pulse of pesticide is applied, and the 106 dynamic parameter r k , which depends on the total number of pesticide applications, was and thus faster decreases of the pest's sensitivity to the pesticide and accelerated evolution 122 of pest resistance.
123
By induction, we can get the recursion formula for ω t of equation (7) as follows:
where
, and M 0 = 1.
126
In particular, if r k = 1, i.e. the evolution of ω t satisfies the third equation of model (4),
3 Pest extinction resulting from control and the optimal 129 time to switch pesticides
130
One of the main purposes of this paper is to investigate how to spray pesticides and 131 manage the evolution of pest resistance such that the pest population will be eradicated 132 eventually or be maintained at a density below a given value (i.e. EIL). In order to address 133 this topic, we introduce two methods, and for each method we investigate the threshold 134 condition which guarantees the extinction of the pest population and discuss the optimal 135 pest generation when pesticides should be switched. Strong threshold condition for pest extinction: Considering the effects of pest control on 138 the evolution of pest resistance, model (6) becomes the following periodic control model:
where q is the period of pesticide applications and r k = (k + 1)/q, P 0 + = P 0 .
140
Note that the pest resistance equation in model (10) (i.e. the third equation) is inde-141 pendent of the pest population growth equation (i.e. the first equation), thus ω t can be 142 studied independently using the formula for it given by (8).
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Solving the first equation of model (10) in pulse interval kq < t ≤ (k + 1)q, k = 144 0, 1, 2, · · · , yields
which means that
Denote Y k = P qk , then we have the following difference equation 
150
In this study, the stability of the zero solution of equation (13) is our main interest,
151
given the practical problem of eradicating the pest population. It follows from equation
152
(13) that the inequality
holds true for all k = 1, 2, · · · . Thus, we can define the dynamic threshold value R 0 (n, T )
154
as follows:
where ω kq can be calculated by (8). Therefore, if R 0 (k, q) < 1 for all k = 1, 2, · · · (called a 156 strong threshold condition for pest eradication), then the zero solution of equation (13) in the formula for the threshold value, which is very dynamic. We will address the effect 162 of the period of pesticide applications on the threshold value R 0 (k, q) in more detail later.
163
In particular, if r k = 1 for k = 1, 2, · · · (i.e. ω(t) satisfies equation (4)), then threshold value R 0 (k, q), from which we can see that R 0 (k, q) is an increasing function 166 with respect to k, and that it will reach and exceed 1 after several pesticide applications.
167
These results confirm that the pesticide is effective at the initial stage. However, with the 168 development of pesticide resistance, there will be an outbreak of the pest population after 169 a certain number of pesticide sprays. Fig.2 also indicates that R 0 (k, q) is an increasing 170 function with respect to period q, and the longer the spraying period, the fewer the number 171 of times that the pesticide applications remain efficient due to the evolution of the pesticide 172 resistance.
173
In Fig.3 we have plotted the solutions of model (10) of pesticide applications), the higher the probability that there will be a pest outbreak.
182
However, the smaller the period of pesticide applications q (i.e. higher frequency of pes-183 ticide applications), the faster the development of pest resistance, and the easier it is for 184 the pest to reach outbreak levels. Therefore, the question is how to control pest resistance
what is the optimal generation of the pest after the start of control operations when 186 a switch to a new type of pesticide is best) such that the pest population will die out or its 187 density will fall below the EIL? We will address this question in the following subsection.
188
Justifications and the optimal time to switch pesticides: As mentioned in the introduc- effectively. In the following, we will provide a method based on our model (10) to de-197 termine the optimal time for switching pesticides according to a threshold condition. We maintain the threshold value R 0 (k, q) below one, we must switch to using another kind of 205 pesticide before the threshold value R 0 (k, q) reaches one. Therefore, the optimal pesticide 206 switching tactics should be implemented at the last spraying time before R 0 (k, q) reaches 207 one. Without loss of generality, we assume that the threshold value R 0 (k, q) will increase 208 and exceed one unit after k
1 sprays of the same kind of pesticide, i.e.
thus the optimal switching time is k
1 q.
210
In order to determine k
1 analytically, we let R 0 (k, q) = 1, then
where ω kq is given by (8) and
and [x] is defined as the greatest integer no larger than x.
213
In particular, R 0 (k, q) = R 1 0 (k, q) for r k = 1. In this special case, letting R 1 0 (k, q) = 1
214
and solving this equation with respect to k, we can obtain the optimal switching time
1 q, where
Thus, according to the above pesticide switching strategy, the pest population will be 217 eradicated completely after several pesticide switches. In order to understand this strategy 218 intuitively, we plotted some numerical simulations in Fig.4 (a) , from which we can see 219 that the pest population will be eliminated eventually, with k Note that if the strong threshold condition for pest eradication is satisfied, then we have
and P nq → 0 when n is large enough. This switching method could result in more severe 226 environmental pollution due to the speed of switching between pesticides. Therefore, the 227 question is how to reduce the switching frequency such that the pest population can still 228 be eradicated or maintained at a density below the given EIL? To realize this purpose, we
229
propose the following weak threshold condition for pest extinction.
230
Weak threshold condition for pest extinction: We assume that after n i times of spraying 231 with the ith pesticide, farmers should switch to using the (i + 1)th pesticide, that is the 232 ith pesticide can be used n i times at most. For example, the first type of pesticide is 233 sprayed at the beginning, at pest generation q, generation 2q, · · · , generation (n 1 − 1)q,
234
and the second type of pesticide is applied at generation n 1 q, generation (n 1 + 1)q ,
235
· · · , generation(n 1 + n 2 − 1)q, · · · . Thus, all pesticides are switched at generation n 1 q, 236 generation (n 1 + n 2 )q, generation (n 1 + n 2 + n 3 )q, and so on.
237
Denoting P (m) 
From (12), we have
thus,
, and 
Due to P
n m+1 q , therefore, we have the following equation
this is the well-known Beverton-Holt model, which has a zero equilibrium P * 1 = 0. It is 244 stable provided that
Therefore, the pest population will be eradicated if condition (20) holds true. We define 246 the above condition as the weak threshold condition for pest eradication in this paper.
247
Specially, if the pest has the same resistance to a different pesticide, then n i = n i+1 . =ñ
248
and ω
Note that
where W j = a q (1 − d 1 ω jq ), and W j is increasing with respect to j.
251
Justifications and the optimal time to switch pesticides: We want to know how many 252 times each pesticide can be sprayed or what is the optimal time for switching pesticides 253 which can eradicate the pest population after some pesticide switches. As before, in
254
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order to eradicate the pest population we should maintain R i 0 < 1 for all n i , i ∈ N .
255
This indicates that farmers should switch pesticides once R i 0 goes to one. Because of the 256 complexity of R i 0 , we only focus on the special case, i.e.R 0 . We assume that the threshold 257 valueR 0 (ñ, q, d 1 ) will exceed one after k
2 pesticide applications. From (21), we can see
is an increasing function with respect toñ, so
i.e.
It follows from expressions (14) and (22) that R 0 (k, q) < 1 implies W k < 1, which 261 indicates W i < 1 for all i ≤ k, and then
means that the condition R 0 (k, q) < 1 is stronger than the conditionR 0 (k, q, d 1 ) < 1.
263
These results confirm that k
2 ≥ k 
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i=0 a i−q ). According to (25), we can get
It follows from P kq ≤ EIL that
This indicates that q should be satisfied
From (26), we have
thus
Since P kq A k is an increasing function with respect to k, we have In the previous section, we assumed that the pest population followed the classic Beverton-Holt function to describe the growth of the pest population, i.e. we have
where m is a positive integer. 
319
In order to analyze the effects of the dynamic complexity of the pest population with 320 the weak threshold condition guiding the pesticide switching strategy, we depict the pest 321 population growth trends of models (6) and (30) with different control period q in Fig.7 .
322
From Fig.7 (a) and (c), we can see that one type of pesticide should be switched to 323 another after two sprays in models (6) and (30) with control period q = 2 and the pest 324 population can be eradicated after several pesticide switches. Comparing Fig.7 (a) and Fig.8 (a-c) . In particular, each type of pesticide can be applied for about three periods 339 (3q here), and then switching should occur in the middle of the third pest control period 340 for m = 1 (Fig.8(a) ). If we increase m from 1 to 2, then control with each type of pesticide 341 can be implemented for about two periods (2q here), and then the switching should occur 342 in the middle of the second control period (Fig.8(b) ). Farmers should switch pesticide 343 within one period q once m = 3, as shown in Fig.8(c) . However, if we increase m to To answer these questions, we provided two methods including strong and weak thresh- According to the definition of IPM, the EIL is an important threshold value for pest 396 control. Therefore, we provided one switching method with the EIL as a switching guide 397 and the optimal number of sprays for one type of pesticide was investigated. In order to 
